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Abstract—In this work we study the effect of oscillator phase noise
on the uplink performance of a massive multiple-input multiple-
output system. Specifically, we consider an orthogonal frequency-
division multiplexing-based uplink transmission and analyze two
scenarios: (a) all the base station (BS) antennas are fed by a common
oscillator, and (b) each of the BS antennas is fed by a different
oscillator. For the scenarios considered, we derive the instantaneous
signal-to-noise ratio on each subcarrier and analyze the ergodic
capacity when a linear receiver is used. Furthermore, we propose
a phase noise tracking algorithm based on Kalman filtering that
mitigates the effect of phase noise on the system performance.
Index Terms – Ergodic capacity, massive MIMO, maximum-ratio
combining (MRC), OFDM, phase noise.
I. INTRODUCTION
MASSIVE multiple-input multiple-output (MIMO) is anemerging technology that will play a key role in the
development of future energy-efficient, high-speed wireless net-
works [1], [2]. Systems that employ this technology, referred to
as massive MIMO systems, involve the deployment of antenna-
arrays that contain hundreds of antennas, which are expected
to significantly increase the network throughput and also reduce
power consumption [3]. However, the performance of these sys-
tems is severely limited by hardware impairments and the channel
estimation accuracy [4].
In particular, massive MIMO systems that employ orthogonal
frequency-division multiplexing (OFDM) are expected to be par-
ticularly sensitive to phase noise due to noisy local oscillators
[5]–[7]. Phase noise in MIMO-OFDM systems results in two
effects, namely, the common phase error (CPE) and inter-carrier
interference (ICI) [8]. These impairments can severely affect the
accuracy of the channel estimation and cause significant perfor-
mance degradation. Importantly, phase noise causes the channel-
aging phenomenon [9], where the true channel, during the data
transmission period, is significantly different from the channel
estimate acquired during the training period. Hence, phase noise
poses a serious challenge towards realizing the full potential
promised by the massive MIMO theory. Prior work analyzing the
effect of phase noise on a massive MIMO uplink transmission can
be found in [10], where single-carrier transmission is considered.
In this work, we analyze the impact of phase noise due to
noisy local oscillators on the uplink performance for a massive
MIMO-OFDM system that consists of a base station (BS) equipped
with M antennas, and a single-antenna user-equipment (UE). We
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consider two scenarios: (a) all the BS antennas are fed by a
common oscillator (referred to as the CO scenario), and (b) each
BS antenna is fed by a different oscillator (DO scenario). First,
we propose a new MIMO-OFDM system model that accounts for
both the CO and the DO scenarios, unlike the model in all prior
works [5]–[7], which is valid only in the CO scenario. For both
scenarios, we derive the instantaneous signal-to-noise (SNR) on
each subcarrier for the number of BS antennas M → ∞, and
analyze the ergodic capacity when a maximum-ratio combining
(MRC) receiver is used. Based on the instantaneous SNR derived,
we study the effect of channel-aging in both scenarios. We then
propose a phase noise tracking algorithm based on Kalman filtering
that helps to mitigate the effects of phase noise due to CPE and
channel-aging.
II. SYSTEM MODEL
Consider a single-user MIMO system with a BS and a UE, and
assume that the UE is communicating with the BS in the uplink
by means of an OFDM transmission, i.e, the information symbols
are modulated over Nc subcarriers with spacing 1/Ts, where Ts
is the symbol duration (and hence the sampling period). During
the uplink transmission, the UE transmits training- and data-
OFDM symbols in non-overlapping time periods. Specifically, in
the training period the UE transmits a pilot OFDM-symbol (where
the information symbols present in all the subcarriers are known
to the BS), which is used by the BS to estimate the channel links
between its antennas and the UE, and to receive the transmitted
data by means of an MRC receiver.
The channel between the BS antennas and the UE is assumed to
be frequency-selective Rayleigh fading. The channel link for the
nth subcarrier, n ∈ 0, . . . , Nc − 1, between the UE and the mth
BS antenna, m ∈ 1, . . . ,M, is denoted by g(m)j,n in the jth time
instant. Without loss of generality it is assumed that the large-scale
fading component of the channel is unity, and g(m)j,n ∼ CN (0, σ2g),
where σ2g = 1. For both the CO and the DO scenarios, we consider
that free-running oscillators are connected to the antennas [12]. In
the jth time instant, the phase noise sample at the UE is denoted
by ϕj , and that at the mth BS antenna by φ(m)j ,
ϕj = ϕj−1 +∆
ϕ
j , ∆
ϕ
j ∼ N (0, σ2ϕ), (1)
φ
(m)
j = φ
(m)
j−1 +∆
φm
j , ∆
φm
j ∼ N (0, σ2φ), (2)
where σ2ϕ and σ2φ denote the phase noise increment variances at the
UE and BS, respectively. Since the channel is constant within its
coherence time, ϕj + φ(m)j is the phase noise sample that impairs
the link between the UE and the mth BS antenna. In the above
discussion, it is implicitly assumed that Nyquist pulses are used
for transmission, followed by matched filtering and sampling at
every Ts time period at the BS. Furthermore, in the sequel, when
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considering the CO scenario, we will drop the antenna index m
for notational convenience.
Let i , j = lNc, l ∈ Z+, then the frequency domain represen-
tation of the lth OFDM-symbol received at the BS antennas in the
ith time instant is written as
yi =
√
PΘiGici +wi (3)
where P denotes the transmit power per subcarrier. Let P ,
1/Mα, α > 0, i.e., the UE transmit power is allowed to scale
as 1/Mα, which is used to study the energy-spectral efficiency
tradeoff in the system as in [10]. The received signal corresponding
to all subcarriers is denoted by yi = [yi,0, . . . ,yi,Nc−1]T, and
yi,n = [y
(1)
i,n , . . . , y
(M)
i,n ]
T denotes the received signal at the M
receive antennas corresponding to the nth subcarrier. Furthermore,
Θi =


Θi,0 Θi,1 . . . Θi,Nc−1
Θi,−1 Θi,0 . . . Θi,Nc−2
.
.
.
.
.
.
.
.
.
.
.
.
Θi,−Nc+1 Θi,−Nc+2 . . . Θi,0


MNc×MNc
,
where Θi,n = diag{θ(1)i,n , . . . , θ(M)i,n }, and θ(m)i,n =
1
Nc
∑Nc−1
n˜=0 e
( 2pin˜nNc )e

(
ϕi+n˜+φ
(m)
i+n˜
)
, i.e., θ(m)i,n is the nth
Fourier coefficient of the Nc discrete phase noise
samples affecting an OFDM-symbol in each channel link.
Gi = diag{gi,0, . . . ,gi,Nc−1} is the channel matrix of size
MNc × Nc, and gi,n = [g(1)i,n , . . . , g(M)i,n ]T. The symbols
transmitted by the UE in each of the subcarriers are denoted by
ci = [ci,0, . . . , ci,Nc−1]
T
, where ci,n ∈ C, and C = {−1,+1} is
considered to be a binary phase-shift keying (BPSK) constellation
set. The additive white Gaussian noise (AWGN) affecting the
subcarriers is denoted by the vector wi = [wi,0, . . . ,wi,Nc−1]T
of dimension MNc × 1, where wi,n = [w(1)i,n , . . . , w(M)i,n ]T, and
w
(m)
i,n ∼ CN (0, σ2w). It is worth noting that the system model in
(3) accounts for both CO and DO scenarios in a MIMO-OFDM
system, while that in prior work, e.g., [5]–[7], is only applicable
to the CO scenario.
III. INSTANTANEOUS SNR AND ERGODIC CAPACITY
In this section, we analyze the instantaneous SNR that can be
attained on each subcarrier when an MRC receiver is employed and
M → ∞. This SNR is used to evaluate the ergodic capacity [2],
[11] in both the CO and the DO scenarios, and to study the effect
of channel-aging. Without loss of generality, for the 0th subcarrier,
the received signal model at time instant i = 0 is written as
y0,0 =
√
P Θ0,0︸︷︷︸
CPE
g0,0c0,0 +
√
P
Nc−1∑
n=1
Θ0,ng0,nc0,n︸ ︷︷ ︸
ICI
+w0,0, (4)
where it can be seen that the phase noise manifests itself in the
form of CPE that affects all the information symbols equally, and
ICI.
Assume that the training period commences at time instant
i = 0, where the UE transmits one pilot OFDM-symbol. This
is used by the BS to estimate the channel between its antennas
and the UE for all subcarriers. Let the pilot symbols transmitted
on all subcarriers in the OFDM-symbol be +1 ∈ C. At the BS, the
channel estimate gˆ0,0 is computed as gˆ0,0 = y0,0, which is also
a scaled version of the maximum likelihood estimate of Θ0,0g0,0
under the assumption that ICI plus w0,0 in (4) is approximately
Gaussian distributed.
Now, consider that the data transmission period of the UE
starts D time instants (i.e., D/Nc OFDM-symbol periods) after
the training period, where D is lesser than the coherence time of
the channel, implying that gD,0 = g0,0. Note that in a multiuser
MIMO system, this time delay typically arises because the UEs
transmit pilot-OFDM symbols in orthogonal time slots during their
training period, which is then followed by the data transmission
period. Upon performing MRC on the signal received in the 0th
subcarrier in the Dth time instant, the transmitted information
symbol is detected as
cˆD,0 = gˆ
∗
0,0yD,0 , ISIG + IICI + IAWGN, (5)
where (·)∗ denotes the Hermitian transpose operator. In (5), the
desired signal component along with the effects of the CPE is
denoted by ISIG, the ICI component as IICI, and the AWGN
component as IAWGN. Their powers are computed in the sequel
in order to derive the instantaneous SNR. From (4) and (5), the
instantaneous power of the desired signal component ISIG =
Pg∗0,0Θ
∗
0,0ΘD,0gD,0cD,0 = P
∑M
m1=1
|g(m1)0,0 |2θ(m1)0,0
∗
θ
(m1)
D,0 cD,0 is
evaluated as
|ISIG|2 = 1
M2α
(
M∑
m1=1
|g(m1)0,0 |2θ(m1)0,0
∗
θ
(m1)
D,0 cD,0
)
·
(
M∑
m2=1
|g(m2)0,0 |2θ(m2)0,0
∗
θ
(m2)
D,0 cD,0
)∗
=
1
M2α−1
M∑
m1=1
|g(m1)0,0 |4|θ(m1)0,0 |2|θ(m1)D,0 |2
M
+
M(M − 1)
M2α
M∑
m1=1
M(M−1)∑
m2=1,
m2 6=m1
|g(m1)0,0 |2|g(m2)0,0 |2θ(m1)0,0
∗
θ
(m2)
0,0 θ
(m1)
D,0 θ
(m2)
D,0
∗
M(M − 1) . (6)
In (6), for large M , we have M(M − 1) ≈ M2. From the
law of large numbers (LLN), for any independent and iden-
tically distributed (i.i.d.) sequence of random variables (RVs)
{a1, . . . , aK}, {b1, . . . , bK} of length K , we have
lim
K→∞
K∑
k=1
akbk
K
→ E{ab} = E{a}E{b}, (7)
where E{·} denotes the expectation operation. Applying (7) in (6)
results in
lim
M→∞
|ISIG|2 = lim
M→∞
2IPN1
M2α−1
+
IPN2
M2α−2
, (8)
since the fourth moment for a zero-mean complex Gaussian RV
of unit variance can be computed as E{|g(m1)0,0 |4} = 2 and
E{|g(m1)0,0 |2|g(m2)0,0 |2} = 1. The term IPN1 in (8) due to phase noise
is evaluated for n1, n2, n3, n4 ∈ {0, . . . , Nc − 1} as
IPN1 =
1
Nc
4
∑
n1
∑
n2
∑
n3
∑
n4
e(ϕD+n2−ϕD+n4)e(ϕn3−ϕn1)
·βPN1(n1, n2, n3, n4) (9)
βPN1 =
{
e(φD+n2−φD+n4)e(φn3−φn1) CO scenario
e
−σ2
φ
2 (|n4−n2|+|n3−n1|) DO scenario
, (10)
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where (10) is obtained by computing the characteristic function of
the sum of the Gaussian RVs φ(m)n − φ(m)n′ =
∑n′
n˜=n∆
φ
n˜ from (2),
for time indices n, n′. For the CO scenario, IPN2 = IPN1 , while
for the DO scenario,
IPN2 =
1
Nc
4
∑
n1
∑
n2
∑
n3
∑
n4
e(ϕD+n2−ϕD+n4)e(ϕn3−ϕn1)
·e
−σ2
φ
2 (|D+n2−n1|+|D+n3−n4|). (11)
The instantaneous power of the ICI term in (5), IICI ,
P
∑Nc−1
n=1 g
∗
0,0Θ
∗
0,0Θ0,ng0,nc0,n, is derived as
lim
M→∞
|IICI|2
= lim
M→∞
1
M2α
(
Nc−1∑
n˜1=1
M∑
m1=1
g
(m1)
0,0
∗
g
(m1)
D,n˜1
θ
(m1)
0,0
∗
θ
(m1)
D,n˜1
cD,n˜1
)
·
(
Nc−1∑
n˜2=1
M∑
m2=1
g
(m2)
0,0
∗
g
(m2)
D,n˜2
θ
(m2)
0,0
∗
θ
(m2)
D,n˜2
cD,n˜2
)∗
(12)
= lim
M→∞
M
M2α
Nc−1∑
n˜1=1
M∑
m1=1
|g(m1)0,0 |2|g(m1)D,n˜1 |2|θ
(m1)
0,0 |2|θ(m1)D,n˜1 |2
M
(13)
△
= lim
M→∞
1
M2α−1
IPN3 , (14)
where in (12), we use the fact that applying LLN for m1 6= m2,
or n˜1 6= n˜2, results in
lim
M→∞
Nc−1∑
n˜2=1
Nc−1∑
n˜1=1
M∑
m1=1
M∑
m2=1
g
(m1)
0,0
∗
g
(m2)
0,0 g
(m1)
D,n˜1
g
(m2)
D,n˜2
∗
M
= 0. (15)
Furthermore, in (14) the phase noise contribution in ICI, IPN3 , can
be simplified as
IPN3 =
1
Nc
4
∑
n1
∑
n2
∑
n3
∑
n4
e(ϕD+n2−ϕD+n4)e(ϕn3−ϕn1)
·βPN3(n1, n2, n3, n4)
Nc−1∑
n˜1=1
e

(
2pi(n2−n4)n˜1
Nc
)
, (16)
βPN3 =
{
e(φD+n2−φD+n4)e(φn3−φn1) CO scenario,
e
−σ2
φ
2 (|n4−n2|+|n3−n1|) DO scenario.
(17)
The instantaneous AWGN power in (5) is given as
lim
M→∞
|IAWGN|2 = lim
M→∞
1
Mα
∣∣g∗0,0Θ0,0∗wD,0
+M
α
2w′
∗
0,0wD,0 +
Nc−1∑
n˜1=0
w′
∗
0,0ΘD,n˜1gD,n˜1cD,n˜1
∣∣∣∣∣
2
(18)
= lim
M→∞
1
Mα
∣∣∣∣∣
M∑
m1=1
g
(m1)
0,0
∗
θ
(m1)
0,0
∗
w
(m1)
D,0
+M
α
2
M∑
m1=1
w′
(m1)
0,0
∗
w
(m1)
D,0 +
M∑
m1=1
Nc−1∑
n˜1=0
w′
(m1)
0,0
∗
θ
(m1)
D,n˜1
g
(m1)
D,n˜1
∣∣∣∣∣
2
= lim
M→∞
1
Mα
M∑
m1=1
|g(m1)0,0 |2|θ(m1)0,0 |2|w(m1)D,0 |2
+ lim
M→∞
M
M∑
m1=1
|w′(m1)0,0 |2|w(m1)D,0 |2
M
+ lim
M→∞
1
Mα
Nc−1∑
n˜1=0
M∑
m1=1
|w′(m1)0,0 |2|θ(m1)D,n˜1 |2|g
(m1)
D,n˜1
|2 (19)
= lim
M→∞
1
Mα−1
IPN4σ
2
w + lim
M→∞
M(σ2w +
1
Mα
σ2ICI)σ
2
w
+ lim
M→∞
1
Mα−1
(σ2w +
1
Mα
σ2ICI)IPN5 . (20)
In (18) w′0,0 ,
√
P
∑Nc−1
n=1 Θ0,ng0,nc0,n + w0,0, and w′
(m)
0,0 ∼
CN (0, σ2w + 1Mα σ2ICI), where the ICI term in (4) is approximated
as a Gaussian RV, which is independent of w(m)0,0 and its variance
1
Mα
σ2ICI is computed as in [7]. The cross terms in (18) are
uncorrelated, and applying LLN to them leads to the result in (19).
Finally, by applying LLN to (19), the result in (20) is obtained.
The term IPN4 in (20) is derived as
IPN4 =
1
Nc
4
∑
n1
∑
n2
∑
n3
∑
n4
e(ϕD+n2−ϕD+n4)e(ϕn3−ϕn1)
·βPN4(n1, n2, n3, n4) (21)
βPN4 =
{
e(ϕn2−ϕn1)e(φn2−φn1) CO scenario
e(ϕn2−ϕn1)e
−σ2
φ
2 |n2−n1| DO scenario
. (22)
Likewise, the contribution due to phase noise IPN5 is derived as
IPN5 =
1
Nc
2
∑
n1
∑
n2
e(ϕD+n2−ϕD+n1)e(φD+n2−φD+n1)
·
∑
n˜1
e

(
2pi(n2−n1)n˜1
Nc
)
=
Nc−1∑
n1=0
1
Nc
= 1, for the CO scenario. (23)
IPN5 =
1
Nc
2
∑
n1
∑
n2
e(ϕD+n2−ϕD+n1)e
−σ2
φ
2 (|n2−n1|)
·
∑
n˜1
e

(
2pi(n2−n1)n˜1
Nc
)
=
Nc−1∑
n1=0
1
Nc
= 1, for the DO scenario. (24)
For deriving the results in (23) and (24), the orthogonality of
complex exponentials is used as in [7].
Using the results from (8), (14) and (20), we analyze the
instantaneous SNR [15], [16], written as the ratio of the power
of the desired signal and the signal power due to AWGN and ICI,
as M →∞,
lim
M→∞
SNR
= lim
M→∞
2IPN1
M2α−1
+
IPN2
M2α−2
IPN3
M2α−1
+
IPN4σ
2
w
Mα−1
+Mσ4w +
σ2ICIσ
2
w
Mα−1
+
σ2wIPN5
Mα−1
+
σ2ICIIPN5
M2α−1
(25)
=
{
0 : α > 1/2;
IPN2
σ4w
: α = 1/2;∞ : α < 1/2
}
. (26)
In (26), it can be seen that decreasing α (below 1/2) increases the
spectral efficiency, but reduces the energy efficiency of the system.
Finally, the ergodic capacity per subcarrier for the system in (5)
is evaluated as
Cerg = E{log2 (1 + SNR)}. (27)
The following deductions can be made about SNR in (25) and
(26).
• For both the CO and the DO scenarios, an array gain of O(√M)
is achievable for an uplink transmission impaired by phase noise.
Furthermore, by letting α < 1/2, the AWGN noise power is
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Fig. 1: Ergodic Capacity Cerg for the common oscillator (CO) and the different
oscillators (DO) scenarios, where Nc = 64, M = 100, σϕ = σφ = 2◦ , and
D = 1280.
reduced to zero (26), leaving behind only noise due to the CPE
(from the local oscillator at the BS and the UE) and also pilot
contamination (if present, as in typical multiuser massive MIMO
systems [2]).
• The ICI term due to phase noise is reduced to zero (26) when
M is large and α ≤ 1/2. Hence, phase noise compensation
techniques need to be designed only to suppress the CPE
component, which is present in IPN2 .
• For both the CO and DO scenarios, the phase noise from the
UE is not averaged out for large M (10), (11). However, for
the DO scenario, the phase noise from the different oscillators
at the BS is averaged to a deterministic value that depends on
σ2φ. This averaging effect does not happen in the CO scenario
for the phase noise at the BS.
• The channel estimate computed in the training period becomes
irrelevant in the data transmission period due to the random
phase drift in the elapsed time D (channel-aging). However, the
time elapsed D only affects the desired signal power in the DO
scenario and does not affect in the CO scenario (10), (11). This
is in line with the observation that, following a linear receiver,
the received signal in the DO scenario experiences amplitude
distortion due to phase noise [13].
IV. MIMO-OFDM PHASE NOISE COMPENSATION AND MRC
As seen in the previous section, the random phase drift due to the
CPE (4) during the elapsed time D causes channel-aging, wherein
gˆ0,0 becomes irrelevant in the data transmission period. In this
section, a Kalman filter is designed to continuously track the CPE,
which is then used to compensate for the channel-aging effect.
In order to continuously track the CPE, the training period of
the UE is extended by D time instants (i.e., D/Nc OFDM-symbol
periods). In a multiuser MIMO system, this corresponds to the
scenario where all the UEs train simultaneously by using code-
based orthogonal pilot sequences (like Walsh-Hadamard codes
[14]). Furthermore, in the training period the transmit power
per subcarrier is rescaled by a factor of Nc/D, resulting in the
following system model in the ith time instant (for i > 0 and
lesser than the channel coherence time),
yi,0 =
√
PNc
D
Θi,0gi,0ci,0 +w
′
i,0. (28)
This is then followed by the data transmission period, where the
transmit power is scaled back to P .
The CPE is approximated as a first-order auto-regressive (AR)
process [12],
θ
(m)
i+Nc,0
≈ ρθ(m)i,0 + v(m)i,0 , ρ = e−
σ2
φ
+σ2ϕ
2 , (29)
where v(m)i,0 ∼ CN (0, Nc(1 − ρ2)), and ρ is determined such that
the variance of v(m)i,0 is minimized. Thus, the state model is written
as
Θi+Nc,0 = ρΘi,0 + vi,0. (30)
In order to apply the standard Kalman filter equations to the ob-
servation model in (28) and the state model in (30), the knowledge
of gi,0 is required, which is not perfectly known at the receiver.
Here, we assume perfect knowledge of gi,0 as in [15], [17]. The
Kalman filter produces an estimate of the CPE, denoted by Θˆi,0.
The estimate Θˆi,0 is combined with gˆ0,n, n ∈ {0, . . . , Nc − 1},
to produce the compensated channel estimate for any subcarrier,
i.e., gˆi,n = Θˆi,0gˆ0,n, which is then used for performing MRC
reception.
We remark that the CPE can also be tracked in the data
transmission period based on pilot symbols that are inserted at
fixed subcarrier positions [7]. However, in a multiuser system,
pilot-based phase noise tracking methods will be affected by pilot
contamination if the pilot symbols transmitted by the different
users interfere with each other. This interference can be alleviated
by appropriately designing pilot sequences [14], [18].
V. SIMULATION RESULTS AND DISCUSSION
We simulate the system model described in Sec. II and numerically
evaluate the ergodic capacity in order to analyze the uplink per-
formance. Furthermore, we study the effectiveness of the designed
Kalman filter to compensate for the channel-aging effect. The
number of subcarriers per OFDM-symbol is set to Nc = 64, and
the number of BS antennas is fixed to M = 100. The phase noise
increment standard deviations are set to σϕ = σφ = 2◦, which
corresponds to a strong phase noise scenario. The time elapsed
between the training and the data transmission periods is set as
D/Nc = 20 OFDM-symbol periods, i.e., D = 1280. The results
are shown in Fig. 1, from which the following observations are
made.
• The ergodic capacity Cerg (27) evaluated based on the SNR
derived in (25) is observed to match with that obtained in the
simulations, implying that the averaging effect due to receive
diversity happens for even small values of M .
• In the DO scenario, when the proposed channel-aging compen-
sation is not applied, there is a significant degradation in the
performance. However, in the CO scenario, both the uncompen-
sated and the compensated systems exhibit similar performances.
• Applying channel-aging compensation, the instantaneous SNR
achieved in the CO scenario is higher than that in the DO
scenario at low SNR, despite the averaging effect of the phase
noise in the latter. This is because of the relatively higher
estimation error incurred in tracking M phase noise processes
at the BS in the DO scenario, while in the CO scenario there are
M observations for a single phase noise process [4]. However,
the instantaneous SNR in the DO scenario becomes better than
that in the CO scenario as the estimation error decreases with
decrease in σ2w, as seen at around Pσ2w = 25 dB in Fig. 1.
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